We propose a general formalism to describe accurately the angular dependence of the magnetoresistance. A parabolic band model is used to determine without approximation the conductance of arbitrary complex heterostructures. Simple analytical expressions are obtained in some limit cases. Particularly, we show that significant deviation from the cosine dependence is expected for ferromagnetic barriers. Numerical computations are used to quantify the deviation from the cosine dependence for normal and ferromagnetic barriers and support the precedent conclusion. Finally, the influence of the applied voltage on the angular dependence of magnetoresistance is discussed.
I. INTRODUCTION
The electronic transport in magnetic tunnel junctions ͑MTJs͒ is modulated by the external magnetic field which induces changes in the magnetization configuration of the two ferromagnetic electrodes separated by the thin tunnel insulating barrier. This defines the tunnel magnetoresistance ͑TMR͒ effect which leads nowadays to large scale applications of MTJs in sensors and data storage devices. 1 The rapid development of this topic over the last decade is marked by a rapid evolution of the level of TMR. Indeed from a 10% TMR at room temperature in amorphous aluminum oxide barrier-based MTJ in 1995, it gets now beyond 600% in crystalline MgO barrier MTJ. [2] [3] [4] [5] [6] [7] Beyond the interest of the TMR amplitude enhancement for MTJs with smaller and smaller area resistance for high density storage applications, new research directions emerge.
Typically, the magnetoelectric properties of MTJs are often analyzed in terms of parallel ͑P͒ and antiparallel ͑AP͒ configurations of the magnetizations. The TMR amplitude defines the relative difference of resistance between the P and AP states. However noncollinear configuration of the magnetizations can lead to interesting new and specific phenomena. 8 One of the best examples concerns the spin torque induced by a spin polarized current torque theoretically predicted by Berger 9 and Slonczewski. 10 The efficiency of spin torque is higher for noncollinear configurations of the magnetization. Moreover noncollinear configurations are observed in precessional regimes excited by spin transfer. As the interest for noncollinear configurations of the magnetizations increases, it appears necessary to pay more attention to the angular dependence of the magnetoresistive effects.
Urazhdin et al. 11 have studied the angular dependence of giant magneto resistance in spin-valves in current-in-plane geometry. They have shown that the angular dependence can be accurately fitted to the following expression:
where is a fitting parameter and is the relative angle of magnetizations in the ferromagnetic layers. This expression was established within the framework of a two series resistor model for a symmetric spin valve system. 12 It has been extended to multilayers with noncollinear magnetization and it appears that the angular dependence of the giant magnetoresistance ͑GMR͒ provides information on the spin currents in the ferromagnetic layers. 11 These experiments allowed to measure the transverse spincurrent penetration length in the ferromagnets and to correlate the angular dependence of the GMR to the spin torque.
Concerning the angular dependence of the TMR in ferromagnetic/insulator/ferromagnetic structures, it is generally admitted that the conductance has a purely cosine dependence. This has been shown theoretically by Slonczewski 13 within a parabolic band model in the low transmission limit ͑large resistance tunnel junctions͒. This angular dependence of the TMR has been verified experimentally by Jaffrès et al. in Ref. 14 , in the low transmission and low field regime, for AlO x based MTJs with Co magnetic electrodes having an intrinsic area resistance of 2.5 ϫ 10 8 ⍀ m 2 . Recently, another interesting phenomenon, the anisotropic tunneling magnetoresistance ͑TAMR͒, has been reported in tunnel junctions with transition metal electrodes and with both MgO and AlO x barriers. 15 It concerns an unusual angular dependence of the TMR. When the magnetization is turned out from an in plane to a perpendicular to plane configuration by sufficiently large fields to keep both magnetizations parallel, a complex angular dependence of the tunneling resistance is measured with twofold and fourfold components which vary strongly with the bias voltage. In these systems, the TAMR effect originates from the spinorbit coupling which induces anisotropy of the bulk and interface density of states with respect to the magnetization direction, with a strong influence of the interface resonant states of ferromagnetic electrodes.
Other particular angular dependences have also been predicted in quantum dot systems attached to ferromagnetic leads. [17] [18] [19] Here, the angular dependence reflects the complex interplay between magnetoresistance ͑MR͒, spin accumulation, and spin precession.
Within all these different topics related to angular dependence of the TMR, one important regime remained yet insufficiently explored: the large tunneling transmission limit corresponding to low resistance tunnel junctions. This regime has a large interest both for read-heads technology and high density magnetic memory integration. Significant deviations from the low transparency limit approach have been already predicted for tunneling characteristics in MTJs with collinear magnetization, in one of our previous work. 20 Therefore, in this regime the angular dependence of the tunnel resistance is worth to be carefully analyzed. On the other hand, no attention has been paid up to now to the angular dependence of the TMR in more complex structures, including for example quantum wells or ferromagnetic insulators.
In this article, we propose a general formalism to describe accurately the angular dependence of the MR without any approximation. This formalism is valid in any transmission regime. It considers arbitrary complex heterostructures within a parabolic band model for the tunneling. Our model leads to simple analytical expressions that can be obtained in some limit cases. Moreover, we show that significant deviation from the cosine dependence is expected in case of MTJs with ferromagnetic barriers. Numerical computations have been developed to quantify the deviation from the cosine dependence. Comparative analysis has been performed for MTJ systems with normal and ferromagnetic barriers. Beyond the standard P-AP conductance analysis giving the TMR amplitude, the angular dependence of magnetotransport provides supplementary information about the transport phenomena.
II. FORMALISM
The free-electron-like model considers the wave function of electrons as plane waves with parabolic energy bands. This approach has been particularly successful to describe semiconductor heterostructures like quantum wells or resonant tunneling diodes. 21 Even if this simple parabolic band approach does not describe accurately the band structures of transition metals, it remains appropriate to study coherent effects in the tunnel current. 22 To determine the electron wave function, the heterostructure is divided in different regions in which the potentials vary linearly. In regions containing magnetic materials, different material parameters are used for the spin up and spin down bands. The Schrödinger equation is solved analytically in each region. The transmission probability is finally calculated using the continuity of the wave function and of the current probability.
Due to lateral invariance, the wave function is given by ͑r ជ͒ = ͑z͒ · e i·k ʈ ជ ·r ʈ ជ , z being the position along the heterostructure. In any region of the heterostructure without change in the quantification axis, the wave function for each spin direction ͑z͒ and their derivative divided by the effective mass Ј͑z͒ / m͑z͒ are continuous. Between two arbitrary points, the linear combination between the previous quantities can be written as ͑see,
Note that the conservation of current probability imposes that the determinant of each submatrix ͑␣ ␦ − ␤ ␥ ͒ is equal to 1. Each submatrix is determined independently for each spin direction by solving the time independent Schrödinger equation. Values for simple potentials are provided in the Appendix. Values for complex potentials ͑heterostructures, gradients, etc.͒ can be determined by multiplication of elementary transfer matrix. For nonmagnetic regions ͑same band parameters for both spin direction͒ the two submatrixes are equal. A change in the quantification axis ͑different directions of the magnetization in the MTJ ferromagnetic electrodes͒ is taking into account with the spinor relation. This relation has the general following form:
with A and B two complex coefficients related by ͉A͉ 2 + ͉B͉ 2 =1 ͑the determinant of this matrix is thus 1͒. Generally, the wave functions in the two electrodes are thus linked by a 4 ϫ 4 complex matrix that results from the multiplication of several matrixes of type ͑2͒ and ͑3͒. This total transfer matrix has consequently a determinant of 1.
If we consider a spin up electron propagating from the left ͑L͒ to the right ͑R͒ electrode, the wave functions are given by
and k R ↓ being the real wave vector in the R and L electrode for up and down spins.
These wave functions are then related by the general matrix
The resolution of this linear system gives the value of the wave functions coefficients and particularly
The transmission coefficient for an up spin is given by the ratio of the transmitted probability current ͑for spin up and down͒ over the incident probability
With this general formalism, it is possible to address the angular variation in the TMR in any structure.
III. LIMIT CASES
Let us first consider a system of two identical ferromagnetic electrodes which magnetizations form an angle separated by a nonmagnetic region ͑whatever is the form of its potential͒. In that case, the spinor matrix has a very simple expression and the total transfer matrix is real and can be expressed as 
Let us consider the contribution to the current of one energy level. It is proportional to the sum of the transmission coefficients of both spin directions. In our specific case, it has the general form
͑9͒
with This general angular dependence is therefore much more complex that of a pure cosine. As the expression is quite complicated, we will first deal with simple cases.
If we consider an absence of barrier ͑direct contact between the two electrodes͒, ␣ = ␦ =1, ␤ = 0, and ␥ = 0 and then G reduces to
where
is the intrinsic polarization of the electrode. In that limit case, it is the resistance ͑and not the conductance͒ which has a cosine dependence ͓ = 0 in expression ͑1͔͒.
Another simple case is the one of the ␦ barrier of the form V͑z͒ = ͑ប 2 / 2͒␥ · ␦͑z͒. This form of potential can be used for general modeling of interfacial scattering or tunnel barrier. It has been used in superconducting heterostructures, 23 ferromagnetic/insulator heterostructures, 24, 25 or spin injection in semiconductors. 26 Using the simple expression of transfer matrix associated to the ␦ barrier ͑see Appendix͒, the contribution to the current is given by The deviation from the pure cosine can thus be quantified by the G 2 / G 1 ratio. Figure 1 represents this ratio for different spin polarizations as a function of the barrier height. If the deviation from the pure cosine is significant for low barrier, it decreases as the transmission of the barrier decreases. In the limit, of high barrier, the angular dependence is purely cosine ͓g =4͑1+ P 2 cos ͒ / 2 ͔. The deviation from the pure cosine increases with the polarization of the electrodes.
These conclusions are quite general and hold also for more complex barrier.
Let us now consider a classic rectangular barrier. The transfer matrix has the following form ͑see Appendix͒
The exact angular dependence deduced from this matrix is complicated and does not provide significant physical insight. This aspect will then be studied numerically in Sec. IV. The high attenuation limit ͑q · d ӷ 1͒ is often considered. In this approximation, only leading terms in e q·d are significant and
This expression is exactly the one determined by Slonczewski, 13 i.e., a pure cosine dependence. However, this pure dependence results from an approximation and the precision of this approximation will be discussed in Sec. IV. It is more interesting to consider the case of a spin dependent "barrier." This situation includes for example ferromagnetic metals inserted between two tunnel barriers ͑double MTJs ͑Ref. 27͒ or quantum wells͒ and ferromagnetic insulator. 28 If we consider that the quantification axis in the barrier is the same as the R electrode, the transfer matrix has the general form 
͑15͒
The exact angular dependence in that case is quite complicated but it is interesting to note that it has the same general expression as expression ͑9͒ i.e.,
This form is also valid in the more general case in which L and R electrodes are different.
Just as previously, we can consider the low attenuation limit for the case of a ferromagnetic insulator ͑different barrier heights for up and down spin͒. The two submatrixes are thus given by:
Then the contribution to the current has the following form:
͑18͒
It is obvious from this expression that in the case of a ferromagnetic insulator the angular dependence is intrinsically different from a normal insulator and is not purely cosine. The deviation from the cosine dependence might thus be considered as an indication of presence of spin-filtering. In order to quantify the expected effect, we shall evaluate it numerically. This is shown in Sec. IV.
IV. NUMERICAL COMPUTATIONS
The preceding conclusions have been drawn considering the low transmission limit and only two states at the Fermi level, having a longitudinal wave vector ͑P to the current flow and perpendicular to the interfaces͒ contributing significantly to the current. However an accurate estimation of the current requires taking into account the contribution of all the states with their real transmission coefficient. The need to take into account the reduced effective electron mass inside the barrier, the shape of the barrier and also the tunneling of electrons with nonzero transverse wave vector has been discussed in Ref. 22 . FIG. 2 . ͑Color online͒ G 2 / G 1 ratio for a rectangular normal barrier with an as a function of the barrier thickness and height.
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This approach appeared to be particularly relevant to describe experimental evolutions of the MR with voltage in systems made of composite barriers 22, 29, 30 or ferromagnetic barriers. 28, 31 In the case of noncollinear magnetizations configurations, the formalism of current calculation is not changed and the extension of the Tsu-Esaki formula 21 proposed in Refs. 22 and 32 remains valid. In the zero-temperature limit, the tunnel current density for a spin direction is expressed as
The transmission coefficient is thus numerically integrated over E ʈ and E z for each spin direction to get the total tunnel current. Note that expression ͑8͒ of the transmission coefficient is only valid if a propagating state exists for each spin direction in each electrode. Similar expressions have been established for the other cases by considering evanescent waves in the electrodes. The numerical parameters used in the following calculations have been chosen to reflect real systems. 22 The effective mass of the electron in the barrier regions is equal to 0.4 times the free-electron mass. The electrodes parameters are the ones proposed by Davies and MacLaren. 33 The Fermi level is 2.25 eV ͑0.35 eV͒ and the effective mass is 1.27 ͑1.36͒ the mass of the free-electron for spin up ͑respectively, for spin down͒ band. These parameters correspond to an intrinsic polarization of 42%. They are kept constant in the following calculations. Nevertheless the general trend of increased deviation from the cosine dependence with the intrinsic polarization mentioned earlier for the ␦ barrier is confirmed by numerical calculation for square barriers. Figure 2 represent the G 2 / G 1 ratio for a rectangular single nonmagnetic tunnel barrier. The deviation of the angular dependence from the cosine dependence is very weak and gets significant ͑over 1%͒ only for barrier thicknesses below 0.3 nm. For the barriers encountered in common devices, the deviation is thus completely negligible at low bias and the cosine dependence of the conductance given by Slonczewski in the low penetration limit holds.
This low penetration approximation might be further questionable at high biases. Here the electric field reduces the average barrier height. It is well known that the MR of conventional MTJs decreases with the voltage. This decrease can be due to several factors like bands structure or inelastic tunneling. The parabolic band model is particularly efficient in describing the effect of tunnel barrier deformation at high bias. 22 As already mentioned, the MR ratio reflects only the conduction in the P and AP state. As this MR decreases, the relative importance of the second order term might increase. As represented in Fig. 3 , it is indeed the case for a conventional tunnel barrier ͑1 nm thick, 1 eV high͒. At high bias, this relative part gets beyond 0.1%. For a precise voltage at which the MR is close to zero, the second order component is clearly visible as shown in inset of Fig. 3 . At high bias, the second order term of the angular dependence remains very small but still could be measured. However highlighting the existence of such a second order term is an experimental challenge since it would require a perfect control of the angle between the magnetization ͑in-cluding the influence of the current going through the junction͒ and to rule out any TAMR effect.
The previous numerical calculations show that the cosine dependence of the MR established in the low penetration limit is a very good approximation for a non magnetic barrier. Previously, we saw that in the low penetration limit, the angular dependence of conductance for a ferromagnetic barrier is expected to differ significantly from cosine. We shall now confirm this point numerically.
For a ferromagnetic barrier, two different barrier heights, + ⌬ and − ⌬, are considered, respectively, for down and up spins. ⌬ represents the splitting due to the exchange interaction within the insulator or semiconductor. To our knowledge, the maximum reported value for this splitting is 0.25 eV for EuO. 34 Figure 4͑a͒ represents the G 2 / G 1 ratio for a MTJ with a ferromagnetic barrier as a function of its thickness and its mean barrier height . The exchange splitting is kept constant to a value ⌬ = 0.25 eV.
Significant G 2 / G 1 ratios over several percents are obtained in a wide range of parameters. The ratio increases for lower barrier height but does not vary much as the barrier thickness increases. Exact numerical computations confirm the qualitative conclusions of Sec. III: the angular dependence of the MR in structure including a ferromagnetic insulator differs intrinsically from normal MTJs. This effect is directly linked to the existence of the splitting of the bands in the barrier and increases with the splitting as shown in Fig.  4͑b͒ . The decrease in MR observed for high splitting in Fig.  4͑b͒ is somehow counter intuitive. For high splittings, the difference of transmission for the two spin directions is so high that the conduction proceeds nearly entirely by the spin up band in the barrier. The MR is, therefore, ruled by the polarization in the electrode rather than by the difference in barrier heights within the barrier.
The evolution of MR with voltage in spin-filtering MTJs exhibits particular features. 28, 35 The parabolic band model is only partly relevant to explain these features. In Fig. 5 a typical MR͑V͒ curve for a spin filter junction 31 is reported. The G 2 / G 1 ratio is of several percent over a wide voltage range. As it is the case for normal barrier at voltages for which the MR is close to zero, the second order term can be dominant.
V. CONCLUSION
In this paper, we present a simple formalism to investigate the angular evolution of arbitrary ballistic structures in the parabolic band model. Using analytic expressions in the low penetration limit, we evidenced an intrinsic difference between normal and ferromagnetic barriers. For normal barriers, the conductance exhibits a purely cosine dependence as a function of the angle between the magnetizations whereas for ferromagnetic barriers the angular dependence is more complex.
These conclusions have been further supported by numerical evaluation of the conductance based on exact transmission coefficients and taking into account all the states. For normal barriers, the deviation from the cosine dependence is negligible for realistic parameters. On the contrary, for spin-filtering junctions including a ferromagnetic barrier, the deviation from the cosine dependence can be of several percents of the MR.
Beyond the simple MR ratio which is based on the two extreme configurations of the magnetizations ͑P and AP͒, the angular dependence of the MR can thus give more insight in the transport phenomena. Of course the deviations to the cosine dependence being small, the exact characterization of the angular dependence remains an experimental challenge since the magnetic configurations have to be well controlled. Note that the precessional motion of magnetization excited by spin transfer torque is also a measure of the angular dependence of the MR. Any deviation from the exact cosine dependence might influence the harmonic spectrum.
APPENDIX
In the whole heterostructure, both the total energy E and the transverse wave vector k ʈ are conserved. It is important to note that as the effective mass varies along the structure, the transverse and longitudinal part of the energy are not in general conserved independently and E z = E − ͓ប 2 / 2m͑z͔͒k ʈ 2 . Being a linear second order differential equation, the unidimensional Schrödinger equation ‫ץ‬ 2 ͑z͒ / ‫ץ‬z 2 +2m / ប 2 ͓E z − V͑z͔͒͑z͒ = 0 admits general solutions of the form ͑z͒ = A · f͑z͒ + B · g͑z͒, f and g being defined by V͑z͒ and E z . As the two parameters can be deduced from the value of the wave function and its derivative at one point, it is possible to establish a linear relation between two arbitrary points of the form 
In the limit of low thickness and infinite V 0 , it is possible to consider similarly a ␦ barrier V͑z͒ = ͑ប 2 / 2͒␥ · ␦͑z͒ with the following submatrix: ͑ 1 0 If the potential between the two electrodes of the tunnel junction can be described in different regions where the potential is constant or varies linearly, the total transfer matrix is simply deduced from multiplication of the simple complex matrixes given above. Whatever the structure is, containing either insulating or conducting layers, it is totally described by three coefficients ͑the four coefficients are linked by the property of the transfer matrix which has a determinant of 1͒.
